The blazar Mrk 501 (z = 0.034) was observed at very-high-energy gamma rays (VHE, E 100 GeV) during a bright flare on the night of June 23-24 2014 (MJD 56832) with the H.E.S.S. phase-II array of Cherenkov telescopes. Data taken that night by H.E.S.S. at large zenith angle reveal an exceptional number of gamma-ray photons at multiTeV energies, with rapid flux variability and an energy coverage extending significantly up to 20 TeV. This data set is used to constrain Lorentz invariance violation (LIV) using two independent channels: a temporal approach considers the possibility of an energy dependence in the arrival time of gamma rays, whereas a spectral approach considers the possibility of modifications to the interaction of VHE gamma rays with extragalactic background light (EBL) photons. The non-detection of energy-dependent time delays and the non-observation of deviations between the measured spectrum and that of a supposed power-law intrinsic spectrum with standard EBL attenuation are used independently to derive strong constraints on the energy scale of LIV (E QG ) in the subluminal scenario for linear and quadratic perturbations in the dispersion relation of photons. For the case of linear perturbations, the 95% confidence level limits obtained are E QG,1 > 3.6 × 10 17 GeV using the temporal approach and E QG,1 > 2.6 × 10 19 GeV using the Mrk 501 2014 flare and LIV 3 spectral approach. For the case of quadratic perturbations, the limits obtained are E QG,2 > 8.5 × 10 10 GeV using the temporal approach and E QG,2 > 7.8 × 10
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INTRODUCTION
Blazars are commonly considered to be active galactic nuclei with their jets closely aligned with the line of sight to the observer (Urry & Padovani 1995) . They exhibit flux variability on time-scales ranging from years to minutes over the entire electromagnetic spectrum, from radio to very high energy (VHE, E 100 GeV) γ rays. The observation of flaring activity of blazars at VHE provides insights into the acceleration mechanisms involved at the source. These observations are also relevant for the study of propagation effects not directly related to the source. This includes fundamental physics aspects like Lorentz invariance violation (LIV).
Lorentz invariance has been established to be exact up to the precision of current experiments. Some approaches to quantum gravity (QG) suggest, however, that Lorentz symmetry could be broken at an energy scale thought to be around the Planck scale E Planck = c 5 /G 1.22 × 10 19 GeV , see e.g. Jacobson et al. (2006); Amelino-Camelia (2013); Mavromatos (2010) . A generic approach to LIV effects for photons consists in adding an extra term in their energymomentum dispersion relation:
where E and p are the energy and momentum of the photon, E QG is the hypothetical energy scale at which Lorentz symmetry would be broken, and n is the leading order of the LIV perturbation. The sign of this perturbation is model-dependent and refers to subluminal (−) and superluminal (+) scenarios. In some theoretical models the sign of the perturbation can also be related to the polarization of the particle. A non-infinite value of E QG in Eq. 1 would induce non-negligible observational effects. It would cause an energy-dependent velocity of photons in vacuum which in turn would translate into an energy-dependent timedelay in the arrival time of γ rays traveling over astrophysical distances (Amelino-Camelia et al. 1998; Ellis & Mavromatos 2013) . Another interesting effect is on the kinematics of photon interactions like the production of electron-positron pairs from the interaction of VHE γ rays with photons of the extragalactic background light (EBL), resulting in deviations with respect to standard EBL attenuation in the energy spectrum of blazars (Stecker & Glashow 2001; .
Valuable constraints on E QG considering linear (n = 1) or quadratic (n = 2) perturbations in Eq. 1 have already been obtained from the observations of several γ-ray bursts (GRBs) at high energy (HE, 100 MeV E 100 GeV) and flares of blazars at VHE, mostly looking for energy-dependent time delays (for a review see e.g. Horns & Jacholkowska (2016) and references therein). With H.E.S.S., temporal LIV studies have in particular been conducted using flares of the blazars PKS 2155-304 (z = 0.116) (Abramowski et al. 2011) and PG 1553+113 (z 0.49) (Abramowski et al. 2015) . For the linear case, the best existing limits are obtained using GRBs and have reached the Planck scale (Vasileiou et al. 2013) . The constraints on the quadratic term remain several orders of magnitude below the Planck scale and will continue to be a challenge for future studies.
Both the temporal and spectral LIV effects can be used to put competitive constraints on E QG using VHE γ-ray observations of a blazar flare, given certain conditions on the energy coverage and distance to the source.
Markarian 501 (Mrk 501) is a well-known nearby blazar at a redshift z = 0.034 (Moles et al. 1987) . It was the second extragalactic source discovered at VHE in 1995 (Quinn et al. 1996) and has been extensively monitored since then. In 1997, Mrk 501 showed an exceptional flare at VHE with an integral flux up to four times the flux of the Crab Nebula (Catanese et al. 1997; Petry et al. 2000; Aharonian et al. 1999; Djannati-Atai et al. 1999) . The hard VHE spectrum extending up to ∼ 20 TeV measured by HEGRA (Aharonian 1999 (Aharonian , 2001 ) during this 1997 flare triggered a wide interest on EBL attenuation and LIV (see e.g. Aharonian et al. 2002; Tavecchio & Bonnoli 2016) . In 2005, rapid flux variations observed at VHE by MAGIC (Albert et al. 2007 ) also triggered interest for LIV from the point of view of energy-dependent time delays (Albert et al. 2008) .
In 2014, the monitoring 1 of Mrk 501 with the First G-APD Cherenkov Telescope (FACT) (Anderhub et al. 2013; Biland et al. 2014; Dorner et al. 2015) led to the detection of several high-state events which triggered observations with the H.E.S.S. experiment. On the night of June 23-24 2014 (MJD 56832) a flare comparable to the 1997 maximum was observed with the full array of H.E.S.S. telescopes. This flare corresponds to the highest flux level of Mrk 501 ever recorded with the H.E.S.S. telescopes. Data analysis reveals an exceptional γ-ray flux at multi-TeV energies, with a rapid flux variability and an energy spectrum extending up to 20 TeV. This data set thus has excellent properties for the investigation of LIV effects through both temporal and spectral channels. This paper is organized as follows. The H.E.S.S. observations of the 2014 flare of Mrk 501 and the data analysis are described in Sec. 2. The temporal study of the flare is presented in Sec. 3, focusing on the search for LIV with time delays. The spectral study of the flare is presented in Sec. 4, investigating the possibility of LIV through modifications to standard EBL attenuation. Results are discussed and summarized in Sec. 5. • 30 01 E), at an elevation of 1800 m above sea level. H.E.S.S. is the first hybrid array of Cherenkov telescopes since the addition in 2012 of a fifth 28 m diameter telescope (CT5) at the center of the original array of four 12 m diameter telescopes (CT1-4). This configuration (H.E.S.S. phase-II) can trigger on events detected either by CT5 alone (monoscopic events), or by any combination of two or more telescopes (stereoscopic events). Reconstruction and analysis can be performed in different modes depending on the selection of monoscopic and stereoscopic events. To fully exploit all the available information, a combined mode makes use of both monoscopic and stereoscopic events. In case of an event for which both monoscopic and stereoscopic reconstructions are possible, the choice is made depending on the uncertainty on the reconstructed direction (Holler et al. 2016a,b) .
The H.E.S.S. observations of Mrk 501 over the month of June 2014 have been reported in Cologna et al. (2017) . The presented work only regards H.E.S.S. data taken on MJD 56832. Four consecutive observation runs (∼28 min each) were taken on Mrk 501 that night, with the participation of all five telescopes. These four runs pass the standard H.E.S.S. data-quality selection criteria (Aharonian et al. 2006) , yielding an exposure of 1.8 h live time. Mrk 501 being a northern-sky blazar, H.E.S.S. observations were taken at large zenith angles, between 63
• and 65
• . At such large zenith angles, both the increased atmospheric absorption as well as the increased size of the Cherenkov light pool lead to a reduced Cherenkov light density at the ground. This causes the energy threshold to be particularly high ( 1 TeV). On the other hand, the effective area is enhanced at the highest energies due to the increased geometrical area covered by the light pool of inclined showers (Aharonian et al. 2005) .
Data reconstruction is performed using the Model Analysis technique (de Naurois & Rolland 2009) in which recorded air-shower images are compared to template images pre-calculated using a semi-analytical model and a log-likelihood optimization technique. The combined analysis mode taking into account CT5 monoscopic, CT1-5 stereoscopic and CT1-4 stereoscopic events is used for an optimal energy coverage. A selection criterion on the image charge of 60 photo-electrons is applied. The on-source events are taken from a circular region centered around Mrk 501 with a radius of 0.1225
• . This relaxed cut on the aperture is motivated by the large signal over background ratio. The background is estimated using the Reflected Region method described in Berge et al. (2007) .
In the signal region 1930 events are observed, versus 334 events in the background region. With a solid angle ratio of 8.95 between the background and signal regions, this translates into a signal over background ratio of 46.5 and an excess of 1889.3 γ rays detected with a significance of 83.3σ, following the statistical approach of Li & Ma (1983) . Two cross-check analyses based on a different calibration chain yield compatible results. The first follows an adaptation of the method described in Aharonian et al. (2006) to allow the analysis of CT1-5 stereoscopic events and the second is based on the analysis of CT5 monoscopic events as described in Murach et al. (2015) 2 .
3. TEMPORAL STUDY
Rapid flux variability
H.E.S.S. observations of this flare show rapid flux variations at multi-TeV energies. Earlier observations of Mrk 501 at VHE have shown variations down to timescales of a few minutes (Albert et al. 2007 ). However, these previously-reported flares were dominated by photons of energies of a few hundred GeV. Because of the large zenith angle observations with H.E.S.S., the variability observed during this flare is restricted to TeV energies. The average integral flux above 1 TeV observed from Mrk 501 during the peak of this flare is I(> 1 TeV) = (4.4 ± 0.8 stat ± 1.8 sys ) × 10 −11 cm −2 s −1 . There is evidence for multi-TeV flux variations on timescales of minutes. The atmospheric transparency is verified to be stable over the course of observations using the transparency coefficient described in Hahn et al. (2014) , therefore no significant spurious variability can be attributed to variations of the Cherenkov light yield (e.g. due to clouds).
This flare shows an excess variance, as defined in Vaughan et al. (2003) , of F var = 0.188 ± 0.003, for a time binning of seven minutes. Considering a longer time window capturing the rise and fall of the flare, an even larger value, F var = 1.03 ± 0.01 is obtained. The detailed discussion on astrophysical implications of this rapid variability relative to the long-term activity of Mrk 501 seen in γ rays by H.E.S.S. along with FACT and Fermi-LAT is left for a dedicated forthcoming paper.
LIV: time of flight study
The rapid flux variability at multi-TeV energies observed during the flare of Mrk 501 is used to constrain the LIV scale (E QG ) through the search for energydependent time delays as outlined in Sec. 1. Assuming the LIV-modified dispersion relation of Eq. 1, the relative energy-dependent time delay due to LIV effects for two photons with an energy difference ∆E n = E n 1 − E n 2 and a time difference ∆t n can be expressed as in :
where
, matter density parameter Ω m = 0.31 and dark energy density parameter Ω Λ = 0.69 (Ade et al. 2016 ). In the following, τ n values are estimated using a likelihood method.
Likelihood method
The maximum likelihood (ML) method for the extraction of energy-dependent time-lags was first proposed in Martínez & Errando (2009) and then extensively applied for LIV analyses in H.E.S.S. with the flares of PKS 2155-304 (Abramowski et al. 2011 ) and PG 1553+113 (Abramowski et al. 2015) . The ML method relies on the definition of a probability density function (PDF) that describes the probability of observing a photon at energy E and arrival time t, assuming an energy-dependent delay function D(E s , τ n ), where E s is the energy at the source. As the data shows a very high signal over background ratio (46.5), the background contribution is neglected for the PDF. For each event, the PDF can be written as proposed in Martínez & Errando (2009) :
where N (τ n ) is a normalization factor, Γ(E s ) is the photon energy distribution at the source, C(E s , t) is the collection area and G [E, E s , σ(E s )] is the instrument energy response function. F s (t s ) is the emission-time distribution at the source, i.e. without any LIV time-delay. In previous LIV studies with H.E.S.S (Abramowski et al. 2011; Abramowski et al. 2015) , the template F s (t) was estimated from low energy events (below an energy E cut ), assuming no LIV time-lag (i.e. D(E s , τ n ) = τ n E n ). In the present analysis, due to the high threshold ( 1 TeV), LIV time-lag effects on the template are taken into account and D is defined as D(E s , τ n ) = τ n E n −τ n E T n where E T is the mean energy of the events in the template energy range. The likelihood is a function of parameter τ n , and is built using a selection of events above E cut , multiplying their PDF together:
Data selection
From the full data sample described in Sec. 2, two regions are defined with two energy selections. At low energies, the template region is defined for which 1.3 < E < E cut = 3.25 TeV. The threshold value of 1.3 TeV corresponds to the energy at which the effective area of these observations reaches 15% of its maximum value. The 773 events in the template range are used to estimate the function F s (t) by fitting their timedistribution. The template fit is shown on Fig. 1 and chosen as the sum of two Gaussian functions. The result of the fit yields a χ 2 /ndf of 15.9/10. The double Gaussian function is favored over a Gaussian for which χ 2 /ndf = 38.1/13. The fit parameters and associated errors are given in Table 1 . The 662 events above 3.25 TeV are used to compute the likelihood and obtain the best estimate τ n,best . The energy cut at 3.25 TeV is chosen as a trade off between a robust estimation of F s (t) and the largest number of events for the likelihood calculation. The photon energy distribution Γ(E s ) is obtained from a power law fit approximation above E cut with a resulting index of 3.1 ± 0.1.
Results
The τ n,best value of the LIV estimator is defined as the τ n value minimizing the −2 ln(L) function. Fig. 2 presents the log-likelihood functions for the linear (left) and the quadratic (right) models. Each curve has a quadratic behavior and shows a single minimum. No significant energy-dependent time-lag is measured.
The statistical uncertainties quoted on Fig. 2 are derived by requesting −2∆ log(L) = 1. These values are obtained from one realization and may be over-or underestimated. Calibrated statistical uncertainties are considered instead, as derived from the ML analysis of 1000 Table 1 . simulated data sets mimicking actual data, i.e. with identical light curve and spectral shape and no LIV timelag. The resulting distributions of reconstructed τ n,best parameter for n = 1, 2 are normally distributed, and their standard deviations are considered as calibrated statistical errors. Systematic uncertainties are also estimated using simulations by looking at the induced variations on the reconstructed τ n,best distribution when the spectral index and F s (t) parameters are smeared within their error intervals and when changing energy intervals boundaries according to the energy resolution. The ML analysis is also applied to photon lists from cross-check analyses to check the influence of reconstruction methods on the measured lag. The most important sources of systematic uncertainties are found to be related to the determination of F s (t), mainly the position of the peaks as already pointed out in Abramowski et al. (2011) , and to the analysis chain. A possible contribution of the background is also investigated and found to be negligible.
The obtained values of τ n,best , with their 1σ statistical and overall systematic errors are:
These values are subsequently used to compute the 95% confidence level limits on the quantum gravity energy scale E QG , following Eq. 2. For the subluminal and superluminal scenarios, the obtained limits are :
17 GeV (subluminal), 2.6 × 10 17 GeV (superluminal),
7.3 × 10 10 GeV (superluminal).
SPECTRAL STUDY
The energy spectrum of Mrk 501 is obtained using the forward folding method described in Piron et al. (2001) . The energy threshold used in the spectral analysis is defined as the energy at which the effective area reaches 15% of its maximum value, yielding a threshold of 1.3 TeV. The energy spectrum extends up to ∼ 20 TeV, as shown in Fig. 3 . A simple power law shape does not provide a good fit to the data, as the observed spectrum is significantly curved. This curvature can be interpreted in terms of attenuation of the intrinsic spectrum on the extragalactic background light (EBL).
EBL absorption and Mrk 501 flare spectrum
The EBL is the background photon field originating from the integrated starlight and its re-processing by dust over cosmic history. It covers wavelengths ranging from the ultraviolet to the far-infrared. VHE γ rays traveling over cosmological distances can interact with EBL photons and produce electron-positron pairs (γγ → e + e − ), resulting in an attenuated observed VHE flux above the pair production threshold (Nikishov 1962; Gould & Schreder 1967; Stecker et al. 1992) . The observed VHE spectrum of a blazar Φ obs (E γ ) at a redshift z s is the product of its intrinsic spectrum Φ int (E γ ) with the EBL attenuation effect:
where τ (E γ , z s ) 3 is the optical depth to γ rays of observed energy E γ . It takes into account the density of EBL photons n EBL and consists in an integration over the redshift z, the energy of EBL photons , and the angle between the photon momenta θ:
where µ = 1 − cos(θ), and σ γγ is the pair production cross section (Breit & Wheeler 1934) . The square of the center of mass energy s for an interaction with a γ ray of energy E γ = (1 + z)E γ is given by
and the threshold EBL photon energy for pair production thr in the case of a head-on collision (θ = π) is
EBL attenuation leaves a redshift-and energydependent imprint on the observed spectrum of blazars and can be used to probe the spectral energy distribution (SED) of the EBL. Knowledge of the EBL SED has greatly improved over the last decade. Predictions from models (Franceschini et al. 2008; Dominguez et al. 2011; Finke et al. 2010; Gilmore et al. 2012) , constraints from γ rays Biteau & Williams 2015; Abdalla et al. 2017) , and results from empirical determinations (Stecker et al. 2016 ) agree between lower and upper limits. In the following, the model of Franceschini et al. (2008) is used as a reference.
Despite a low redshift of z = 0.034, EBL attenuation for Mrk 501 is non-negligible at energies larger than 1 TeV. The associated optical depth reaches 1 around 10 TeV (Franceschini et al. 2008 ), corresponding to midinfrared EBL wavelengths (Eq. 8).
The Mrk 501 flare intrinsic spectrum measured by H.E.S.S. is well fitted by an intrinsic power law (Φ int (E γ ) = φ 0 E −α γ ) attenuated on the EBL using the optical depth of the model of Franceschini et al. (2008) , as shown in Fig 3. The fitted intrinsic index is α = 2.03 ± 0.04 stat ± 0.2 sys . Intrinsic shapes with curvature or a cut-off are not preferred over the simple power law. In this standard picture, EBL attenuation at the level of the model of Franceschini et al. (2008) is sufficient to account for the entire observed curvature. The use of models with a significantly lower level of EBL density at infrared wavelengths would require intrinsic curvature. On the other hand, the use of models with a significantly higher level of EBL density at infrared wavelengths would cause an upturn in the intrinsic spectrum. This degeneracy is difficult to break, but current knowledge of the EBL SED gives good confidence that the VHE Mrk 501 flare intrinsic spectrum follows a simple power law behavior up to ∼20 TeV. The intrinsic power law shape is considered in the following as the natural choice accounting for the standard case. In the LIV case an intrinsic curvature could compensate for a genuine LIV effect. This degenerate scenario with no extrapolation to the standard case is not considered in this study.
Opacity modifications due to LIV
The non-observation of deviations with respect to standard EBL attenuation at energies above 10 TeV can be used to put competitive constraints on E QG . In the presence of LIV, the perturbation in the dispersion relation Eq.1 propagates into the EBL optical depth (Eq.6). The center-of-mass energy squared s (Eq. 7) and threshold energy for pair production thr (Eq. 8) are modified with an extra term (Tavecchio & Bonnoli 2016 ):
, and thr → thr ∓ 1 4
It is assumed that the modified center-of-mass energy squared s is still an invariant quantity in the LIV framework (Fairbairn et al. 2014; Tavecchio & Bonnoli 2016) .
The effects of LIV on electrons are neglected, as the constraints on the LIV scale for electrons are stringent (Jacobson et al. 2003) .
In the context of investigations for a potential transparency excess of the Universe to VHE γ rays (as hinted at in , only the subluminal case (minus sign in Eq. 1) is considered: if non negligible, the LIV term will induce lower values for s (higher threshold value thr ) suppressing pair creation on the EBL, therefore causing an excess of transparency of the Universe to the most energetic γ rays 4 . In the subluminal LIV scenario, the threshold energy is given by
This threshold energy is no longer a monotonic function in E γ . The critical γ-ray energy corresponding to the minimal threshold energy can be obtained from the derivative of Eq. 10. For linear (n = 1) perturbations, this critical energy is 18.5 TeV
. Extragalactic γ rays at this energy can thus probe Planck scale linear LIV 5 , as shown by the red dashed line on Fig. 3 .
Constraints on the LIV scale
Optical depths to γ rays using the EBL SED of the model of Franceschini et al. (2008) are computed considering modifications due to subluminal LIV for linear and quadratic perturbations. The forward folding fit of the Mrk 501 flare spectrum is performed assuming an intrinsic power law with spectral index and normalization free in the fit. Values of E QG are scanned logarithmically in the range of interest for observable deviations in the covered energy range. As the spectrum shows no evidence for an upturn, LIV-free optical depth values are preferred and the best fit χ 2 values reach plateaus corresponding to the standard case. In order to quantify this effect, the following test statistic is considered:
, where E QG → ∞ corresponds to the standard case. TS profiles for linear and quadratic cases are represented in Fig. 4(a) and Fig. 4(b) respectively.
From these TS profiles exclusion limits on E QG are obtained. In the linear case the limit E QG,1 > 2.6 × 4 An excess of transparency of the Universe to γ rays could also be caused by the conversion of photons to axion-like particles in magnetic fields, see e.g. Sánchez-Conde et al. (2009) .
5 Planck scale is, however, out of reach in the case of quadratic (n = 2) perturbations, as the critical energy in this case is Figure 4 . TS profiles obtained from the fit of the flare spectrum to an intrinsic power law absorbed on the EBL model of Franceschini et al. (2008) for the case of subluminal linear (4(a)) and quadratic (4(b)) LIV perturbations. The black dashed line corresponds to the lower limit on EQG at 95% confidence level.
10
19 GeV (i.e. 2.1 × E Planck ) is obtained at 95% confidence level. E Planck is excluded at the 5.8σ level. These results are comparable with the limits obtained using the 1997 flare spectrum of Mrk 501 observed by HEGRA (Biteau & Williams 2015; Tavecchio & Bonnoli 2016) . These Planck scale limits on linear LIV are competitive with the best limits obtained considering time delays with GRBs. In the quadratic case, the limit E QG,2 > 7.8 × 10
11 GeV (i.e. 6.4 × 10 −8 × E Planck ) is obtained at 95% confidence level. This is the best existing limit on quadratic LIV perturbations to the dispersion relation of photons.
The main source of uncertainty on the derived limits on E QG through this spectral method is the degeneracy between the spectral upturn caused by LIV and the possibility of an intrinsic upturn, together with the uncertainty related to EBL attenuation. Using the lowerlimit EBL model of Kneiske & Dole (2010) the value of E QG required for an equivalent flux attenuation at 20 TeV would be six times higher than the value using the EBL model of Franceschini et al. (2008) . The above limits are valid considering the natural interpretation that the intrinsic VHE spectrum of the Mrk 501 flare has a power law behavior and is attenuated using stateof-the-art EBL models.
DISCUSSION AND CONCLUSIONS
The observation of a bright flare of Mrk 501 with H.E.S.S. in June 2014 reveals multi-TeV variability on minutes timescales and an energy spectrum extending up to 20 TeV compatible with a simple power law attenuated by the EBL. These characteristics make this flare a unique opportunity to probe LIV in the photon sector with H.E.S.S. using both temporal and spectral methods. Competitive results on the LIV energy scale E QG are obtained considering linear or quadratic perturbations in the dispersion relation of photons. Temporal and spectral methods are kept separate as a proper combination of results is considered complex due to the very different analysis procedures. Such a combination would moreover not be beneficial to the LIV constraints given the order of magnitude separating the results from both approaches.
Using the temporal method, the limit for the linear case considering a subluminal LIV effect is similar to the one obtained by H.E.S.S. using PG 1553+113 data (Abramowski et al. 2015) . For the quadratic case, the limit obtained is the best time-of-flight limit obtained with an AGN, slightly above the one obtained by H.E.S.S. with PKS 2155-304 (Abramowski et al. 2011 ). This follows from the exceptional energy coverage of this flare with a substantial sample of photons above 10 TeV.
Assuming the EBL-attenuated power law spectral behavior presented in 4.1 and the framework described in 4.2, the spectral method yields an exclusion limit for the linear case above the Planck energy scale and the best existing limit for the quadratic case. Thus it places the blazar flare studies with VHE γ-ray astronomy instruments at the level of the time-of-flight limits obtained with GRBs (e.g. GRB 090510 Vasileiou et al. 2015) .
These results will be useful for LIV studies combining data from several γ-ray instruments as in Nogués et al. (2017) . This is particularly promising in the context of the advent of the CTA observatory (Acharya et al. 2017) which will allow population studies with unprecedented sensitivity.
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